Magnetic fields and the Weyl tensor in the early universe by Bittencourt, Eduardo et al.
Magnetic fields and the Weyl tensor in the early universe
E. Bittencourt1,∗ J. M. Salim2, and G. B. Santos1
1Sapienza Universita` di Roma - Dipartimento di Fisica
P.le Aldo Moro 5 - 00185 Rome - Italy and
ICRANet, Piazza della Repubblica 10 - 65122 Pescara - Italy and
2Instituto de Cosmologia Relatividade e Astrofisica ICRA - CBPF
Rua Doutor Xavier Sigaud, 150, CEP 22290-180, Rio de Janeiro, Brazil
(Dated: October 11, 2018)
We have solved the Einstein-Maxwell equations for a class of metrics with constant spatial cur-
vature by considering only a primordial magnetic field as source. We assume a slight modification
of the Tolman averaging relations so that the energy-momentum tensor of this field possesses an
anisotropic pressure component. This inhomogeneous magnetic universe is isotropic and its time
evolution is guided by the usual Friedmann equations. In the case of a flat universe, the space-time
metric is free of singularities (except the well-known initial singularity at t = 0). It is shown that
the anisotropic pressure of our model has a straightforward relation to the Weyl tensor. We then
analyze the effect of this new ingredient on the motion of test particles and on the geodesic deviation
of the cosmic fluid.
PACS numbers: 98.80.-k, 98.80.Jk, 04.20.-q, 04.40.Nr
I. INTRODUCTION
The presence of magnetic fields in the early universe is fundamental to explain the evolution of the large scale
structures of the universe. The current understanding of structure formation indicates that, beyond dark matter,
magnetic fields are necessary to form galaxies and stars in accordance to what we observe (for a review see [1] and
references therein). In particular, magnetic fields are currently studied in the context of small perturbations of the
standard cosmological model [2, 3] with possible deviations caused by its presence [4, 5]. On the other hand, aiming
to produce a more realistic description of the universe, some authors claim that the main problem of the standard
cosmological model (SCM) lies on the huge simplification of the Friedmann-Lemaˆıtre-Robertson-Walker (FLRW)
geometry adopted as a background. Hence, in a variety of ways, they suggest modifications of spacetime symmetries
leading to inhomogeneous cosmological models [6–11] (for a review see [12]). In both cases (SCM and inhomogeneous
models), magnetic fields are widely studied and should have interesting consequences, for example the avoidance of
initial singularity [13, 14].
We consider in this work the evolution of a cosmological model in the presence of a primordial magnetic field.
In addition to that, we slightly modify the Tolman relations for the averages of the electromagnetic field, and that
renders our model inhomogeneous. The effective energy-momentum distribution of the magnetic field in this case
possesses an anisotropic pressure term piµν that provides non-trivial properties for the metric.
As mentioned in Ref. [12], piµν has been indeed considered in the establishment of alternative models, but it is
ruled out in standard cosmology due to the violation of the FLRW symmetries and its association restricted to the
shear tensor as dictated by the fluid mechanics [15]. However, in this work we show that the Einstein-Maxwell
equations allow a set of solutions which is driven by the usual Friedmann equations and has a 3-space of constant
spatial curvature, given by the Schwarzschild-de Sitter lattice [16]. The source of these equations may be represented
by a radiation fluid (p = ρ/3) with an extra anisotropic pressure component. In contrast to most inhomogeneous
cosmological models, ours is part of the shear-free solutions of Einstein equations [17]. Therefore, piµν should be linked
to another symmetric traceless quantity which in this case it is shown to be the electric part of the Weyl tensor.
This work is organized as follows. In Sec. II we introduce the model with the stochastic magnetic field as source
for the Einstein equations and see the consequences of the presence of an anisotropic pressure component due to this
field on the evolution equations for the scale factor. We then analyze qualitatively the case of a flat space and the
relation between piµν and the Weyl tensor. In Sec. III we analyze the kinematical properties of the model through
the study of geodesic motion and geodesic deviation. We finally present our conclusions in Sec. IV.
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2II. MAGNETIC FIELD AS A SOURCE OF ANISOTROPIC PRESSURE
We start from the linear Lagrangian of Maxwell’s theory of electromagnetism
L = −1
4
F,
where F ≡ FµνFµν = 2(B2 − E2). The energy-momentum tensor corresponding to this Lagrangian is
Tµν = Fµ
αFαν − Lgµν ,
whose decomposition into irreducible parts with respect to a normalized time-like vector field V µ yields
ρ =
1
2
(E2 +B2), p =
ρ
3
, (1)
qα = ηαβµνV
βEµBν (2)
and
piµν = −EµEν −BµBν − 1
3
(E2 +B2)hµν , (3)
where ρ is the energy density, p is the isotropic pressure, qα is the heat flux and piµν is the anisotropic pressure. We
denote hµν ≡ gµν − VµVν as the projector on the 3-space orthogonal to V µ. Greek indices run in the range (0, 1, 2, 3)
and Latin indices run in the range (1, 2, 3).
The infinitesimal line element we use to describe the model is given by
ds2 = dt2 − a2(t)[dχ2 + σ2(χ)dΩ2], (4)
where t represents the cosmic time, a(t) is the scale factor and σ(χ) is an arbitrary function of the spatial coordinate
χ.
A straightforward calculation yields the curvature of the spatial sections of constant time, namely
(3)R = −2
(
2
σ′′
σ
+
σ′2
σ2
− 1
σ2
)
, (5)
where prime ( ′ ) means derivative w.r.t. χ. Once these spatial sections are isotropic, it is possible to assume that
(3)R has the same value everywhere, i.e., (3)R ≡ 6 where  is a constant. Therefore, the scalar curvature
R = 6
(
a¨
a
+
a˙2
a2
+

a2
)
(6)
becomes only a function of time, where dot (˙) means time derivative.
Due to the special symmetries of the metric (4), the electromagnetic field can be considered as source of the
gravitational field only if an averaging process is performed (cf. Ref. [18, 19]). The standard way to compute the
volumetric spatial average of an arbitrary quantity X at the instant t = t0 is defined by
X ≡ lim
V→V0
1
V
∫
X
√−gd3xi, (7)
where we denote V ≡ ∫ √−gd3xi and V0 is a sufficiently large time dependent spatial volume (for details see [20]).
Therefore, the mean values of the electric Ei and magnetic Hi fields are usually given by the so-called Tolman relations:
Ei = 0, Hi = 0, EiHj = 0, (8)
EiEj = −1
3
E2hij , (9)
3BiBj = −1
3
B2hij . (10)
In this paper we are interested in the gravitational influence of the magnetic fields in the early universe. Thus,
we set the electric field equal to zero—observational data indicate that magnetic fields play a more important role
than electric fields at that epoch due to the high conductivity of the primordial plasma. Moreover, we do not impose
homogeneity of the space-time but keep only the isotropy. Therefore, part of the Tolman relations are preserved
[Eq. (8)] and the Maxwell equations are trivially verified by the mean fields. However, our choice leads us to slightly
modify the Tolman relation concerning the second moment of the magnetic field (10), as follows
BiBj = −1
3
B2hij − piij , (11)
where we introduce an arbitrary traceless matrix piij that will be identified to an anisotropic pressure term and will
have its components explicitly exhibited using Einstein equations in what follows.
Substitution of these hypotheses into Eqs. (1)-(3) gives an effective energy-momentum distribution with respect
to the comoving four-velocity V µ = δµ0 described by a radiation fluid with energy density ρ = B
2/2 and isotropic
pressure p = ρ/3, and an anisotropic pressure term piµν . The manner in which we introduce such modification implies
that it has necessarily the same symmetries of an anisotropic pressure term, that is, it is symmetric and traceless.
The next step is to encounter any possible expression for piµν compatible with the metric we have set
1. We calculate
the non-trivial components of the Einstein equations, Gµν = −Tµν , where the Einstein constant is set to 1, and that
results
3
a˙2
a2
+ 3

a2
= ρ, (12a)
2
a¨
a
+
a˙2
a2
+
3
a2
+
2
a2
σ′′
σ
= −p+ pi11, (12b)
2
a¨
a
+
a˙2
a2
− 1
a2
σ′′
σ
= −p+ pi22. (12c)
The off-diagonal components are identically zero.
From Eqs. (12) we can see that the Einstein equations admit a solution with constant spatial curvature and an
anisotropic pressure term only if piµν is given by
pi22 = pi
3
3, pi
1
1 = −2pi22, and pi11 = 2k
a2 σ3
, (13)
where k is an integration constant. Note that the Einstein equations impose that piij = 0 for i 6= j. Moreover, the
constancy of the tri-curvature imposes that σ(χ) must satisfy the following first-order differential equation
σ′ = ±
√
1− σ2 − 2k
σ
. (14)
It should be remarked that the presence of the anisotropic pressure does not affect the time evolution of the scale
factor, which is exactly guided by the Friedmann equations
(
a˙
a
)2
=
ρ
3
− 
a2
, (15a)
a¨
a
= −1
6
(1 + 3λ)ρ, (15b)
1 Although it may seem that the procedure that follows is just an Ansatz, the expressions found are physically justified by the relation
between piµν and the Weyl tensor which will be given afterwards.
4where λ is the equation of state parameter which in our case reads λ = 1/3. Solving these equations for the magnetic
field, we find that its modulus is only a function of time given by
B =
B0
a2
,
where B0 is a constant.
By substituting these results into Eq. (11) we can calculate the second moment of the magnetic field allowed by
the Einstein equations. Then, we find out that the inhomogeneity of the space-time appears only in the second order
of the average process, but it is not negligible, as we shall see in the analysis of a test particle motion afterwards.
A. Qualitative analysis of σ(χ) and the special case of a flat universe
In the general case Eq. (14) cannot be analytically integrated. However, some information can be obtained according
to the qualitative theory of dynamical systems [21]. Depending on the value of  and k, the polynomial inside the
square root of Eq. (14) has different numbers of real roots. Thus, the analysis of the discriminant of the third-order
polynomial ∆ = 4(1− 27k2) yields

∆ > 0 =⇒ 3 distinct real roots,
∆ = 0 =⇒ 3 real roots, one being degenerate,
∆ < 0 =⇒ 1 real root and 2 complex conjugates.
(16)
This result implies that k behaves as a bifurcation parameter breaking the topological symmetry of the possible spatial
hypersurfaces in the FLRW metric for each value of , once the sign of the latter is not enough to determine the sign
of ∆, which now depends also on the specific value of k. The key point we pick up from this simple analysis is that,
fixing , the value of k is important in the determination of the range of σ(χ) and, in its turn, the spatial features of
the metric.
The particular case where the tri-curvature is flat agrees with observational data. Thus, we carry on a more detailed
analysis of this case, which is also simpler. For  = 0, Eq. (14) can be analytically integrated resulting in
χ = ±
[√
σ2 − 2kσ + k ln
(
σ − k +√σ2 − 2kσ
k
)]
, (17)
which gives σ implicitly in terms of χ as illustrated in Fig. (1). We are restricted to the case k > 0 because if we let
–10
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0
5
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χ
2κ σ
FIG. 1: Implicit plot of σ(χ) given by Eq. (17) when  = 0. Note that −∞ < χ <∞, while σ has a minimal value at 2k. For
large values of |χ|, σ(χ) tends to the FLRW solution σ(χ) = χ.
k assume the opposite sign, then the metric tensor would possess a naked singularity at σ = 0, violating the cosmic
5censorship [24] if it holds true. Thus, there is a minimum value for σ at 2k when χ = 0. It means that the region
σ < 2k is excluded from the manifold and this statement is corroborated by Eq. (14) once σ′ becomes complex in
this hypothetical region. Due to the maximal extension of the range of each spatial coordinate, we can assert that
the manifold is completely covered. These results will be very important in the analysis of the geodesic motion and
in the demonstration of the geodesic completeness and smoothness of our solution2, at least for  = 0.
B. The non-vanishing Weyl tensor
Making the coordinate transformation r = σ(χ), the line element given by Eq. (4) becomes
ds2 = dt2 − a2(t)
(
dr2
1− r2 − 2kr
+ r2dΩ2
)
. (18)
Note that the time evolution of this metric is still given by the usual Friedmann equations (15a) and (15b). From
this line element, the physical meaning of the parameter k is enlightened: it is related to the scale of homogeneity of
the universe; if 2k/r  1 this term can be dropped out in Eq. (18) and, hence, the Friedmann model is completely
recovered in this regime; on the other hand, if 2k/r is not negligible, the 3-geometry is non-trivial and the particle
trajectories in this metric have special features that we shall discuss in the next sections. It should also be remarked
that this solution is not conformally equivalent to Schwarzschild-de Sitter metric, although they have the same lattice
surface (see Ref. [16] for more details). From this similitude, the analysis of the Killing vectors and the Petrov
classification is straightforward and we conclude that the metric (18) has only 3 Killing vectors, corresponding to the
spacetime isotropy and, consequently, it is Petrov-type D.
Going back to the anisotropic pressure given in Eq. (13), we note that piµν has a spatial dependence that has the
same power as the Newtonian tidal forces (∼ r−3). Still more impressive is that Eq. (13) is the unique solution
compatible with the Einstein equations in this model. This raises the question: is such expression a mere coincidence
or does it come from a more fundamental relation between the gravitational field and its geometrization procedure?
This question cannot be answered satisfactorily in the Einstein approach because the main part of the curvature
tensor responsible for the tidal forces (the Weyl tensor) is absent in the Einstein equations. Therefore, we have to
appeal to the Bianchi identities written in terms of the Weyl tensor–which are also known as the quasi-Maxwellian
equations of general relativity [22]–in order to explain such relation.
From the time evolution of the shear tensor, a straightforward calculation yields the electric part of Weyl tensor
for the observer’s four-velocity V µ = δµ0 as follows
Eµν = −1
2
piµν . (19)
We see that, even assuming a constant spatial curvature, the Weyl tensor does not vanish and is given by the
anisotropic pressure, which behaves as Newtonian tidal forces (multiplied by a time dependent function). Therefore,
we are led to conclude that the Friedmann equations in the presence of an anisotropic pressure modify the Weyl tensor
via scale factor, but the presence of the Weyl tensor does not change the time evolution of the spacetime.
III. KINEMATICAL ANALYSIS
Let us now analyze the consequences of the non-null Weyl tensor on the trajectories of test particles and on the
geodesic deviation. It is shown that the test particle motion should be different from the one provided by FLRW
metrics. However, we shall see that the geodesic deviation is unchanged and that renders the effects of this new
component of the model unobservable at the non-perturbative level.
2 We have also calculated all the algebraic curvature invariants and verified their regularity at σ = 2k, see Appendix for details.
6A. Trajectories of test particles
Due to the isotropy of the spacetime we are dealing with, instead of integrating completely the geodesic equations of
the metric (18), the analysis of the test particle trajectories (time-like and light-like) performed in the equatorial plane
(θ = pi/2 and θ˙ = 0) is enough to characterize all we need to know about the geodesic motion. This simplification
allows us to study the behavior of the effective potential to which these particles are subjected and to compare their
paths with other cases. Thus, the simplified geodesic equations reduce to
t′′ +
aa˙
A
r′2 + aa˙r2φ′2 = 0, (20)
t′2 − a
2
A
r′2 − a2r2φ′2 = b, (21)
φ′′ + 2
a˙
a
t′φ′ + 2
r′
r
φ′ = 0, (22)
where we denoted X ′ ≡ dX/dτ , τ is the affine parameter along the curve and b is either 1 or 0 for timelike and
light-like geodesics, respectively. We also denoted A(r) ≡ 1−  r2 − 2k/r.
Firstly, we solve Eq. (22) and get the angular momentum conservation φ′ = l/a2r2, where l is an integration
constant. Then, substituting this equation and Eq. (21) into Eq. (20) we obtain the equation t′2 − b = E/a2, where
E is another integration constant. Substituting these equations in Eq. (21) yields
a4r′2 =
(
E − l
2
r2
)
A. (23)
This equation fixes E > 0 and can be seen as the energy conservation equation of a particle moving in a one-
dimensional effective potential. Note that it has the constant “mechanical energy” E, the kinetic-like term a4r′2 and
the remaining ones correspond to an effective potential which will be denoted by V (r).
In order to compare this case with the Schwarzschild one, we set  = 0 in Eq. (23). Therefore, V (r) is given by
V (r) =
2kE
r
+
l2
r2
− 2k l
2
r3
.
This potential possesses almost the same terms as the ones provided by the Schwarzschild metric for a single particle
moving along geodesics, except the Newtonian one (∼ r−1) which has a positive sign (k,E > 0). Its behavior for
different values of l can be seen in Fig. (2). As a consequence, for particles moving radially (l = 0) or for large values
of r, the effective gravitational potential is repulsive. It should also be remarked that when r = 2k the right hand
side of Eq. (23) is identically zero for massive particles and light rays. It means that the total energy is equal to the
effective potential and, contrary to the Schwarzschild geodesics, this is a turning point for all test bodies. This lead
us to conclude by other means that the region r < 2k is excluded from the manifold.
For the sake of comparison, we analyze qualitatively the Kepler problem in this solution rewriting Eq. (23) in
terms of the variable u = 1/r and seeking for the planetary orbits u = u(φ). For practical reasons, we consider the
scale factor almost constant and study the test particle behavior in an interval of the cosmological time (t0, t1), i.e.,
a(t) ≡ a0 for t ∈ (t0, t1). In other words, we assume that the cosmological evolution is very slow when compared to the
period of revolution around the center of symmetry of our solution. We thus proceed similarly to the Schwarzschild
case and we get the following equation for u = u(φ):
d2u
dφ2
+ u = 3ku2 − Ek
l2
. (24)
This differential equation is very similar to the one given by the Schwarzschild metric in response to the Kepler
problem if we interpret k as the effective mass of the gravitational source and E as the total mass of the test particle
[23]. However, the inhomogeneous term of the equation has a negative sign. In qualitative terms, Eq. (24) can
reproduce perihelion shifts for massive test particles (b > 0) and light rays deflection (b = 0), whereas the intensities
of these phenomena can be provided only through the complete integration of that equation.
7FIG. 2: Effective potential for different values of the angular momentum, with E = 1 and k = 0.5. Note that in this case the
coordinate r attains its minimum value at r = 1.
These results indicate how the presence of the Weyl tensor (or, equivalently, piµν) affects the geodesic motion of test
particles. Note that in order to determine the local gravitational effects that cannot be interpreted as being induced
by any local “visible” matter distribution, the Weyl tensor must be considered as it contains information of the global
conditions imposed upon the spacetime, which in this case are related to the configuration of a stochastic magnetic
field on this spacetime.
B. Geodesic deviation of the cosmological fluid
Among its attributes, the quasi-Maxwellian representation of gravity has the quality of putting together the formal-
ism of the electromagnetic interactions and a formal approach to general relativity. Nonetheless, some fundamental
distinctions must be stressed. The empirical determination of an electromagnetic field, for instance, is made through
the Lorentz force and a test particle in order to identify the presence of the electromagnetic field. The electromag-
netic tensor, obtained from the integration of the Maxwell equations, does not distinguish the contribution of local
charge and current distributions from boundary conditions. In general relativity, the empirical identification of a
gravitational field cannot be made using a single test particle since the Christoffel symbols can be set equal to zero
by coordinate transformations. So, in order to empirically determine the properties of the gravitational field, it is
necessary to look for the geodetic deviation expressed in terms of the curvature tensor. This tensor separates explicitly
the contribution coming from the local distribution of the energy-momentum tensor, algebraically associated to the
traces of the Riemann tensor, from the global contribution of boundary conditions represented by the Weyl tensor.
Indeed, the measurements of the gravitational field effects can only be done through the geodesic deviation equation
which determines the rate of the relative acceleration between two infinitesimally nearby geodesics, namely
d2zα
ds2
= −RαβµνV βzµV ν , (25)
where zα is the deviation vector and V µ is the vector field tangent to the geodesic congruence.
The distortion produced by the Weyl tensor upon a given congruence of curves can be accounted for through the
substitution of the Riemann tensor by its decomposition into irreducible parts. Since we are dealing with the comoving
frame of the cosmological fluid, we set V µ = δµ0 . Evaluating the right hand side of Eq. (25), we get
d2zα
ds2
=
(
Eαµ +
1
2
piαµ
)
zµ +
1
6
(ρ+ 3p)hαµz
µ.
According to Eq. (19), the remarkable result coming from the expression above is that the term inside the big brackets
is identically zero for the metric (18). Therefore, the cosmological fluid does not feel the effects due to the presence of
the anisotropic pressure and the Weyl tensor. In other words, the distortion caused by the anisotropic pressure and
the electric part of the Weyl tensor are compensated in such a way that the cosmological observers do not attribute
any eventual modification of the spacetime to these quantities, enabling one to set Eµν and piµν equal to zero a priori,
8erroneously. However, this is not allowed if we want to understand correctly the gravitational field effects in the
Universe using the available empirical data as initial conditions. Besides, the presence of the anisotropic pressure may
change dramatically the perturbed version of the theory and hence the large scale structure formation. This will be
investigated in a forthcoming paper.
IV. CONCLUDING REMARKS
From an exact solution including a primordial magnetic field we have seen that Einstein equations do not contain in
its dynamics all the necessary information to determine the curvature tensor from empirical data. Namely, boundary
conditions including the Weyl tensor, defined on a spatial hypersurface, cannot be provided by observational data,
which lies in the past null cone of the observer. In other words, the Einstein equations should represent the universe
as an open system rather than a closed totality, since at any moment new elements not included in the dynamical
equations can play a role and modify the spacetime properties we observe. In particular, the presence of the Weyl
tensor in this case shall change the perturbative version of the model and consequently the structure formation even
if it cannot be perceived through the geodesic deviation.
The attempt in developing such cosmological model has also some features that should be explored further. For
instance, the cases for which the tri-curvature is nonnull, which gives k the status of a bifurcation parameter, should
be addressed. Also, if we fix the tri-curvature to be flat but instead let k assume the opposite sign we have considered
in this paper, thus violating the cosmic censorship, then we get the correct Newtonian term in the effective potential
for test particles at small values of the radial coordinate. For future developments, we also intend to investigate the
relation between the magnetic field and the Weyl tensor interpreted as tidal forces from first principles using kinetic
theory.
In summary, we have shown how the standard cosmological model sets the Weyl tensor equal to zero ab initio and
that this is not a consequence of the Friedmann equations. This was shown through the development of a cosmological
model with constant spatial curvature and a non-zero Weyl tensor without spoiling the conventional time evolution
of the universe through the Friedmann equations.
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Appendix A: Curvature Invariants
Following the procedure in [25], we display here all the algebraic curvature invariants associated to the metric (18)
in order to guarantee the regularity of the solution in the case k > 0 and its singular behavior when k < 0.
The expressions for these invariants are:
9I0 = R,
I1 =
1
4SµνS
µν ,
I2 = − 18SαβSβµSµα,
I3 =
1
16SαβS
βµSµλS
αλ,
I4 =
1
8 (WαβµνW
αβµν + iWαβµν ∗Wαβµν),
I5 = − 116 (WαβρσWρσµνWµναβ + iWαβρσWρσµν ∗Wµναβ),
I6 = − 18 (SµνDµν + i SµνD˜µν)
I7 =
1
16 (DµνD
µν − D˜µνD˜µν + 2i D˜µνDµν),
I8 =
1
16 (DµνD
µν + D˜µνD˜
µν),
I9 = − 132Sαβ(DαγDγβ + D˜αγD˜γβ),
I10 =
1
32 [W
αρσβ(DαβDρσ − D˜αβD˜ρσ + i ∗Wαρσβ(DαβDρσ − D˜αβD˜ρσ)],
I11 =
1
32Sα
µSµ
γSβ
νSν
δ(Wαβγδ + i
∗Wαβγδ).
(A1)
where we denote Sµν ≡ Rµν− (R/4)gµν , Dµν ≡WµανβSαβ and D˜µν ≡ ∗WµανβSαβ . Solving the Friedmann equations
for the energy-momentum tensor we have considered in the text (which yields a(t) =
√
t) and using the relation
between the electric part of the Weyl tensor and the anisotropic pressure, we obtain the following non-null invariants
I1 =
3
16
r6+8k2t2
t4r6 ,
I2 = − 364 r
9+16k3t3−12t2k2r3
t6r9 ,
I3 =
3
1024
7r12+384k4t4−128t3k3r3+48t2k2r6
t8r12 ,
Re(I4) =
3
2
k2
t2r6 ,
Re(I5) =
3
4
k3
t3r9 ,
Re(I6) =
3k2
4
r3+kt
t4r9 ,
Re(I7) = I8 =
3k2
32
r6+12k2t2+tkr3
t6r12 ,
I9 =
3k2
256
r9+16k3t3−12t2k2r3
t8r15 ,
Re(I10) =
3k2
64
r6+20k2t2+12tkr3
t7r15 ,
Re(I11) =
3k2
64
r9+4k3t3−3tkr6
t8r15 .
(A2)
Finally, it is straightforward to see that when k > 0, which implies r ∈ (2k,∞), all the invariants are finite everywhere
and in particular at r = 2k. Otherwise, when k < 0 and consequently r ∈ (0,∞), the invariants diverge at r = 0
exhibiting a real singularity. The singularity at t = 0 still remains in both cases.
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